We show how to implement the background field method by means of canonical transformations and comment on the applications of the method to non-perturbative techniques in non-Abelian gauge theories. We discuss the case of the lattice in some details.
Introduction
Quantization of non-Abelian gauge theories around topologically non-trivial background fields plays an important role in understanding their non-perturbative regime. Instanton configurations [1] have been thoroughly investigated since the pioneering work of 't Hooft [2] . Another example is provided by chiral soliton models in effective approaches to low-energy QCD [3] .
On the other hand, one can also introduce a background gauge connection as a technical tool for fixing the gauge while retaining explicit (background) gauge invariance. This leads to the socalled background field method (BFM) [4] . In the BFM powerful relations between background and quantum 1-PI amplitudes emerge, which have been widely used in order to simplify computations in many different applications, ranging from perturbative Yang-Mills theory [5] and the Standard Model [6] to gravity and supergravity calculations [7] .
The BFM has been formulated on the lattice in [8] , where the quantization is carried out around a fixed backgroundÂ µ with periodic boundary conditions. The approach of [8] is however purely perturbative, since the path-integral is restricted to quantum fluctuations in a sufficiently small neighborhood ofÂ µ .
One might then ask whether a fully non-perturbative BFM can be implemented on the lattice. In dealing with such a problem, one has to face several major challenges, and in particular the wellknown Neuberger's 0/0 problem [9] , which prevents the definition of a consistent non-perturbative BRST symmetry, thus making unclear how to apply the algebraic procedure, usually adopted for the perturbative implementation of the BFM [10] .
This difficulty ultimately originates from the existence of Gribov copies: indeed if one integrates the BRST-invariant measure dµ s on the gauge fields A µ , the auxiliary Nakanishi-Lautrup multiplier and the ghost and antighost pair over a compact cycle (like a gauge group orbit in a lattice gauge theory), one gets zero, due to the fact that on a cycle the gauge-fixing condition exhibits an even number of solutions, cancelling out pairwise [11] . It is thus natural to expect that in a nonperturbative formulation of the BFM there must be some other mechanism, allowing to control the background dependence around each of the Gribov solutions.
A possible way of addressing such open issues is based on the use of canonical transformations [12, 13] . Specifically, it turns out that whenever the theory is endowed with a Batalin-Vilkovisky (BV) bracket and satisfies the (extended) Slavnov-Taylor (ST) identity in the presence of the background field [12, 14] , the dependence of the effective action on the background can be recovered by purely algebraic means via a canonical transformation (i.e., a transformation preserving the BV bracket). In addition, this canonical transformation can be written in an explicit form by a fieldtheoretic generalization of the Lie transform, used in classical analytical mechanics for obtaining finite canonical transformations once their generating functional is known [13] .
It is worth stressing that these results are valid whenever the extended ST identity holds true. In particular, no dynamical ghosts are needed. Therefore, if one is able to fix the background gauge on the lattice by minimizing some suitably chosen functional (possibly a natural extension of the Wilson gauge-fixing functional in the standard lattice Landau gauge formulation), one might hope to make some progress toward a non-perturbative formulation of the BFM. We will comment further on this point in Sect. 3, after presenting our main mathematical results in Sect. 2.
We refer the reader to [13] for an overview of the prospects of implementing the BFM by means of the canonical transformations in other non-perturbative contexts, e.g., in the 2-PI formalism or Schwinger-Dyson equations.
Reconstruction of the background dependence via canonical transformations
For a SU(N) Yang-Mills theory, the BV bracket is defined as [13] (only left derivative assumed in what follows)
The sum runs over the fields φ = (A a µ , c a ) and the corresponding antifields φ * = (A * a µ , c * a ), with ε φ , ε φ * and ε X representing the statistics of the field φ , the antifield φ * and the functional X respectively.
In a linear covariant background gauge, the dependence on the antighost fieldc a can only happen through the combination A * a µ = A * a µ + ( D µc ) a , as a consequence of the antighost equation
Â µ denotes the background gauge field and Ω µ its BRST partner [10] . D µ stands for the covariant derivative with respect to (w.r.t.) the background. One can then define the reduced functionalΓ [13] by eliminating the Nakanishi-Lautrup-dependent terms (for they only enter at tree-level, as a consequence of the usual equation of motion for the Nakanishi-Lautrup multiplier field). Since we will only deal with the reduced vertex functional in what follows, we will simply denote it by Γ. It obeys the extended ST identity in the presence of a background [12] :
If one now takes the derivative of Eq. (2.2) w.r.t. Ω a µ and set the latter source equal to zero afterwards, the resulting equation [12] δ
shows that the derivative of the vertex functional w.r.t. the background field equals the effect of an infinitesimal canonical transformation (w.r.t. the BV bracket) on the vertex functional itself. Then, since the BV bracket does not depend on either A a µ or Ω a µ , if one were able to write the finite canonical transformation generated by the fermion Ψ a µ (x) = δ Γ δ Ω a µ (x) , one would control the full dependence of Γ on the background fields; and this would happen not only at the level of the counterterms of Γ, but rather for the full 1-PI Green's functions, thus giving control even over the non-local dependence on the background.
The problem can be thus stated mathematically as follows: given the field and antifield variables φ , φ * , which are canonical w.r.t. the BV bracket (2.1), i.e.,
and the background field A a µ , find the canonical mapping
to the new field and antifield variables Φ and Φ * such that the ST identity (2.3), written in these new variables, is automatically satisfied. This last condition translates into determining the canonical variables Φ and Φ * which are also solutions of the two equations
One can obtain the vertex functional Γ expressed in terms of the canonically transformed variables by means of homotopy techniques [12] . This solution fails to respect the (naively expected) exponentiation pattern, due to the dependence of the generating functional Ψ a µ on the background field A a µ . The explicit canonical transformation for the fields and antifields of the theory can be explicitly worked out as follows. We introduce the operator [13] 
, where the first term above represents a (graded) generalization (to the BV bracket and a fermionic generator) of the classical Lie derivative w.r.t a (bosonic) generator (in which case the bracket would be the usual Poisson bracket), while the second term takes into account the above observation on the exponentiation failure. Next, using the properties of the BV bracket, one can establish the following relations
We see then that ∆ Ψ a µ (x) gives rise to a graded derivation with the usual statistics, while the last formula allows us to determine the important result
where we have introduced the shorthand notation
. From the operator ∆ Ψ one can then define a mapping E Ψ , given in terms of a formal power series in the background field A as follows
with an identical expansion holding for the antifields variables. Then Eq. (2.6) constitutes the sought for canonical mapping between the old and the new variables. The canonicity property is a direct consequence of Eq. (2.5) above, since the latter directly implies the identity E Ψ {X ,Y } = {E Ψ X , E Ψ Y }. On the other hand, to see that the new variables are indeed solutions of Eqs. (2.4), let us consider first the case of a bosonic field Φ and expand both the latter and the fermionic generator Ψ a µ in power series w.r.t. the background field A. Schematically, one has
and finds, up to third order in A Let us end by observing that there is a close relation with the theory of Lie transforms in classical analytical mechanics. Suppose that one wants to find out the finite canonical transformation, depending on the small parameter ε, which maps the canonically conjugated variables (q, p) into the new ones (Q, P), under the assumption that Q, P satisfy the following differential equations:
The generating functional V (p, q; ε) of the canonical transformations depends on a small parameter ε. Then the solution is obtained by a Lie series of the operator ∆ V = {·,V } + ∂ ∂ ε , where the bracket is here the usual Poisson bracket [13] .
Lattice background field method
On the lattice, the background gauge-fixing can be implemented by minimizing the functional [13, 15] functions g i (A,Â) . Each of them controls in principle the dependence on the background, provided that one restrict himself to the region of validity of each g i .
